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ABSTRACT 


Derivation and methods for the proof of existence of 
singular lines on the parameter plane is presented. A method 
is derived for producing singular line systems. Several sys- 


tems are designed and evaluated using this technique. 
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Is INTRODUCEION 


Methods for studying the effect of variations in param- 
eters of a multivariable, multiloop control system have been 
developed by Mitroyic, Siljak, Thaler, cteat (1), (2), (3). 

Mitrovic's method consists of specifying as variables 
the two lowest order coefficients of the characteristic equa- 
tion. Using the characteristic equation as a mapping func- 
tion, constant zeta, omega, and sigma curves are transformed 
from the s-plane into the variable coefficient plane. This 
technique permits the adjustment of these variables so that 
the roots of the characteristic equation may be set at de- 
sired locations. 

In 1964, Siljac extended Mitrovic's Method into the 
Coefficient Plane Method (2). This technique permits the 
utilization of arbitrary pairs of coefficients as variables. 

The Parameter Plane Method is an extension of the above 
methods, which permits the adjustment of system parameters 
which are located in more than two coefficients of the char- 
acteristic equation (5), and (6). The Parameter Plane Method 
permits the analysis of complex systems which may be either 
linear or nonlinear. However, the complexity of this tech- 
nigue requires the computation of the curves by a computer. 

In 1965, Nutting developed a computer program (PARAM-A) 
which calculates and plots the Parameter Plane curves for con- 
Stant zeta, natural frequency and sigma (7). In general, 
analysis of the resulting curves results in the location of 


all of the roots of a characteristic equation for a given 


parameter (a,8) pair. However in 1966, Bowie discovered sys- 
tems for which the existing Parameter Plane techniques did 
not locate all of the roots (8). Bowie designated these sys- 
tems aS Singular line systems. 

Section III describes the mathematical basis of singular 
lines and methods for proving their existence. A method is 
also developed for obtaining singular lines. Section IV con- 
tains examples of singular line systems. The application and 
analysis of singular line techniques to specific problem 
areas is contained in Section V. Section VI concludes this 
report with comments on existing singular line systems and 
recommendations for further investigation of singular line 


systems. 


It, “THE PARAMGEER eis ie 


In this section the derivation of the parameter plane 
equations for the linear case will be derived (9) and gen- 
eral rules for mapping points from the s-plane into the 


parameter plane will be discussed (3). 


A. PARAMETER PLANE EQUATIONS 


Consider the characteristic equation: 


k 


mes) = s =.0 (2-1) 


n 
ceo “k 
where: 
the coefficients a, (k=0,1,...,n) are real 
functions of two system parameters desig- 


nated as a and 8B and s is the complex var- 


ijable. Let s be written as: 
ee, : _r2 = 
S| SSI ee ju v1 C (2-2) 


where WO is the undamped natural frequency and f is the 
damping ratio. Letting 
@ = cos ~(-Z) (2-3) 


and substituting into the equation for s gives: 


4 a : s 8 e 
Ss = w , (cosé + j} sind) = we : (2-4) 


Then s* may be written as: 


3* = ured *? = w* (cos k§8 + jsin k@) . (2-5) 


Defining : 


Ty (-) = Co Suen = Bea sik Ocal 
U. (<r) = Sin k9 _ sin[k Soe Tee (2-6) 
k\~S) = “Sing 7 siné 
And substituting into the equation for s results in: 
kk _ mye ey _ : 
so = wl ity (-2) + jvi-c* Uy (-c)1 . (2-7) 
It may be shown that: 
de ESS 
T,(-¢) = (-1)*2, (x) 
U, (=) = (-1)"u, (z) (2-8) 
k k 


where Ty (@) and U, (o) are Chebyshev functions of the first 


and second kinds respectively and are given by the recursion 


formulae: 
T4165) -2T, (6) + Ty 1c) = 0 
Uy. (5) -2U,, (2) 4 U,_4 (3) = 0 (2=o9 
where: 
T (a) = 1 Up (a) = 0 
T,(o) = % U, (c) = -l 


Substituting equation (2-9) into equation (2-1) and equa- 
ting the real and imaginary parts independently to zero re- 


sults in: 


(2-25) 


10 


From equation (2-9) the interrelation between the Chebyshev 
functions is obtained: 
Tei) — (Op - Uae. (2-11) 
Substituting into equation (2-10): 
n 
k k 
(2-12) 


ie} 
) (-1) “a, wou, (%) = 0 
ge 


Assume for the linear case that the coefficients a, are lin- 
ear combinations of the system parameters a and 8 and are of 
the form: 


a. "= bia + c}8 +d (2-13) 


k k k 
where Die CLs and dy are real constants. 


Substitution of equation (2-13) into equation (2-12) yields: 


B,o + c,8 + Dy = Q 
(2-14) 
Boa + C58 + D, =, @ 
where 
nN ' 
7 rage k 
ri 
k k 
B = ; (-1) be .U (ZT) 
2 K=0 kon k 
n 
7 | awa k 
Cp = 2 (o1) gu ey (3) 
k=0 
n 
Cc, = a Emre, uw Gels) (245) 


aba 


(-1) “a, wt, (c) (2-15) 


1] 
| ee FO) 


Solution of equation (2-14) by Cramer's Rule yields the 


following parameter plane solution equations: 


C,D5-C5D 
Ol 
B,C,-B,c 
(aeaaiG) 
_ 2 lieu? 
B)C>-B5C, 


The functional dependence of Bi Bor Cis Coy Di, Do on 
¢ and w, will be omitted for simplicity in this report. A 
list of the algebraic form of the Chebyshev functions of the 
first kind U, () 1S given in Appendix I. Appendix II gives 
a table of U, (5) values for selected values of ¢f. 

The parameter plane, as defined by Siljak (2) is a rec-. 
tangular coordinate plot with a as the abscissa and 8 as the 
ordinate. Equation (2-14) permits the mapping of points, 
excepting real axis points, from the s-plane into the param- 
eter plane. 


For example, ¢f may be fixed f = 2 and varying Ww from 


SiG 
zero to infinity results in a constant zeta curve in the 
parameter plane. This curve species the a,8 pairs which 
will cause equation (2-1) to have a pair of complex roots 
with damping ratio ¢y= -~ Similarly fixing o. = Oe and 


varying ¢ from zero to one will produce a curve on the param- 


eter plane which will specify the a,8 pairs for which a pair 


i 


of complex roots in equation (2-1) have a constant natural 
frequency, w.. It should be noted that this mapping is not 
conformal since a pair of complex roots on the s-plane maps 
into one point on the paraméter plane and, as will be seen, 
a real axis point on the s-plane maps into a straight line 
on the parameter plane. 

For real axis points in the s-plane note that gf = 1 and 
letting ea the equation for s becomes s = -o. The 


characteristic equation becomes: 
r k 
Fis) = ) a(-c)" =0 . (2-17) 


Substitution of equation (2-13) into equation (2-17) yields: 
. k 
F(s)} = eg (b ate, B+d,)(-o)" = 0 . (2-18) 


Simplifying equation (2-18) yields: 


aB(o) + BC(o) + D(o) = 0 (2-19) 
where : 
AG 
Bic) = ) (-1)*b,o* 
k=0 
ri 
Clo) = J (-2)*c,0% (2-20) 
k=0 


D(o) “ 


Il 


n 
k 
(-1) “do 
ceo . 


For a fixed value of o, B(o), C(o), and D(o) are constant and 
equation (2-19) in the equation of a straight line on the pa- 
rameter plane. The a,8 pairs corresponding to this line cause 


equation (2-1) to have a real root at s = -o. 
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B. MAPPING OF THE PARAMETER PLANE 

The mapping of the s-plane into the parameter plane per- 
mits a designer to choose or adjust parameters so that charac- 
teristic equation roots lie within specified areas of the 
s-plane. 

The rules and graphical techniques for the mapping proc- 
ess are discussed in detail by Siljak (2) and Thaler (13). 

The major mapping rules and interpretation of the result- 
ing curves are illustrated in the following example. 

Consider a linear fourth order system with the follow- 


ing characteristic equation: 


F(s) = s* + (atl5)s° + (15a + 50)s* + (50a)s + 600B = 0. 
Figure II-l shows the mapping of the characteristic equa- 
tion in the parameter plane. Inspection of Figure II-l re- 
sults in the following observations: 
1) A pair of complex conjugate points on the s- 
plane maps into a single point on the param- 
eter plane. 
2) A real axis point on the s-plane maps into a 
straight line on the parameter plane. 
3) The stable area on the parameter plane, for 
this polynomial is defined by the positive a 
axis, the zeta equal zero curve, and infinity. 
4) Complex roots of the polynomial, for specific 
values of a and 8 are located in the region 
on the parameter plane defined by the zeta 


equal zero and zeta equal one curves. 
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>) 


For example, point M, is at the intersection 


il 
of the eo 2.0 and ~ = .4 curves therefore 


the characteristic equation has roots at: 
S$ =——-(.4) 20) £ 2.0vie(. 4) 


=o. 6 = a1. 33 
The remaining portion of the stable area 
defined by the zeta equal one curve, the 
positive a axis, and infinity is a real 
root area. For example point My is at the 
intersection of four real root lines giving 


roots of: 


IL 





III. SINGULAR LINES ON THE PARAMETER PLANE 


The parameter plane developed by Siljak (2) and the com- 
puter program written by Nutting (7) solved for all of the 
roots of the characteristic equation according to then exist- 
ing theory. However, Bowie (8) showed that for some systems 
the existing parameter plane method did not solve for all of 
the roots of the characteristic equation. Bowie found that 
these undetermined roots were actually located on a constant 
zeta-constant natural frequency line which has been defined 


as a Singular line. 


A. MATHEMATICAL BASIS OF SINGULAR LINES 

As pointed out in Section II the solution of the parameter 
plane values (equation 2-16) was carried out by the applica- 
tion of Cramer's Rule to equation (2-14). The anplication of 
Cramer's Rule to equation (2-14) is valid only when the aug- 
mented coefficient matrix of this equation is non singular or 
of rank equal two. Bowie showed that when the augmented 
coefficient matrix of equation (2-14) is singular and the 
rank is equal to one, a condition exists such that 8 becomes 
a linear function of a and a singular line results. In or- 
der for the augmented coefficient matrix to be singular and 


of rank equal one the following conditions must prevail: 


17 








At 1 
=a Ox = BeCe = 0 
Lee 2-1 
Bo Co (3-L) 
-D C, | 
L L = « 
= CD. _ CoD, = 0 
-D, Cy (S22 ) 
B -D, } 
1 1 4 be - 
= BoD, B,D. = 0 
By -D, (3-3) 


For example, let the solution of equations (2-15) give 


the following values for a specific Z, OO pale: 


B, = 2 B, = 4 
c, = 5 C, = 10 
D, = 6 Dy = l2 ; 


Equations (3-1, 3-3) are satisfied and equations (2-14) 


become: 


2a + 5B + 6 


0 


Ao feo in Omens (3-4) 
The resulting relationship between a and 8 is: 


= 2@EsS 
oe 


which is a straight line on the parameter plane. This line 
is a locus of a,8 pairs which will cause the system charac- 
teristic equation to have a pair of fixed complex roots with 
values of ¢ and W) corresponding to those used in solving 


equation (2-15) above. 
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B. METHODS FOR SHOWING EXISTENCE OF SINGULAR LINES 

In general one or more singular lines may be shown to ex- 
ist for a particular system by the application of equations 
(3-1, 3-3) however, this approach requires the substitution 
Of specific C, WW pairs into equation (2-15). Since there 
are an infinite number of €, WO pairs which might satisfy 
equations (3-1, 3-3), it iS apparent that additional criteria 


for the possible Z, Ws pairs must be established. 


Method I 
Bowie derived the following method for finding singular 
lines on the parameter plane (8). Proof of the following 
equations will not be shown but may be found in reference (8). 
The expansion of B,C. - BBC, is shown as equation (3-5) 


on the following page, or in compact notation 


pl 
B,C, - BAC, = } ce.. = 0 (3-6) 


where: 


CH= Ice, 5] is an (nxn) 


upper trangular array whose elements are: 


a ont, elt Jag go Pd rae 
[bs 3S 44 ea Stead! 1) CEE oe for all i+j < n+2 
0 For all i+] 2 mie2 
(3-7) 
Simelarly: 
heeZ 2k 5) 


n 
GD - CoD, = 88 ce. = 0 (3-8) 


~ 


SE | AEE Se SE EL Fa REE, St be ee 


U U 
ur” (2) Ns _ 


aA 


U 


Z-C+TZ 


4 


¢ 


m(9) "A 


Tt+t 


r=) 


C 
T-) [Porg- oP q]+-* "40m (2) "A, _ (T=) 


Poel q- 9° aq) + 
ae a a a ae goes de 4 
= eee © _ 
T Gress! Tals - 2© e e @ tm 9b g_l50q] 
cae cul 


Z0 


where: 
CEe= ee is an (nxn) 


upper triangular array whose elements are: 


: by, law Diney=2 — 
S25 aS aoe i) Biche) ak cue ely aah 5) Re pe 22 
0 fer “abl ary > ma2 
(3-9) 
and 
n 
B,D, - BoD, = =H) cote = 0 (3-10) 
T= 22 
j=l 
where: 
CE = tees 5] is an Gin) 


upper triangular array whose elements are 


Z Vie amas 2i+j-2 ere 
Yee gee | Cree ee >) ES. for all it} < nt2 
0 for alive) > nt2 

(3=8)) 


Equations (3-6), (3-8) and (3-10) give three polynomials 
in OO and 4 of order 2N-l in O and N-l in t. For simple sys- 
tems it is possible to solve for unique values of ¢ and WO 
which satisfy equations (3-6), (3-8) and (3-10). For more 
complex systems it is necessary to set ¢ = - in one of the 
equations, solve for Wa! and check the resulting values in 
the two remaining equations. This approach is best handled 


in a digital computer. 


PAI 


Example HE 


Let the system characteristic equation be: 


rie) = 6° tenga es dee. 281985 =u 


Solving equations (3-6), (3-8), and (3-10) the follow- 


ing is obtained: 


in 
5 2 
Cui = Cap. = Sntate + 2 Bw (407-1) 12. SO = a 
eZ Za n - - 1 


Solving the above for ¢ and WO, the following unique val- 


ues are obtained: 


Applying these values to equation (2-14) results in: 
50) SZ — 2 
and 
2V5a- 75 8 = -Y5 
and the singular line relation is: 


R= 2a + l rn 


Method If 
The following approach to the singular line problem was 
developed by Cadena (10). 
Assuming that a system has a singular line for some 2, 
Oo pair, there must be a pair of complex roots which are 
fixed for all a,8 pairs in the parameter plane. Therefore, 
let a pair of complex roots of the characteristic equation 


be given by: 


3 


s = -o +t gee (3-12) 


where oO = Cu After muLtiplication and manipulacron= tie 
equation (3.12) becomes: 


e° ape) + w? ens (3-13) 


If this pair of roots is divided into the characteristic 
equation there results a quotient which is in effect a re- 
duced characteristic equation which has as roots the remain- 
ing roots of the original characteristic equation. Also 
there is, in general, a remainder in the form: 

il 
) s*(£(a,8,0,u,) ] ' (3-14) 
k=0 

If the complex roots, chosen as the divisor, are to be 
roots of the original characteristic equation, the coeffi- 
cients of equation (3-14) must be independently equal to 
zero. Setting t:hese coefficients equal to zero with the re- 
striction that (3 is a linear function of a results in a 
system of polynomials which is the same as the system devel- 
oped in Method I above. 

ExampleuI.T. 

Dividing the characteristic equation: 


Fisyy= a? + as* teBset 2.58 - 12.5 = 0 


(from Example I above) by: 


xc + 20s + ae 
n 


results in a quotient or reduced characteristic equation of: 


s+o-2e= 0 


a3 


and a remainder of 


eee eeia > SeceioeGeau~ 1260-1285) = 0 
rn n n 


Since both terms of the remainder must be equal to zero 


ama Since 6 is a linear £unction, of a the derivative of @* with 





respect to a must be the same for both terms. From the first 
cern. 
dg _ 
da = 7° 
and from the second term 
dy2: 
Cae 
da 5) 
Equating the derivatives: 
w? = 50 
n 


SubSstilecvubioiwotece— cw yields: 


Returning to the first remainder term, solving for 8 and sub- 
Stituting for 8 in the second remainder term results in: 


Z 


LOGIN| Gin? 2 i” Ens eo me 
lh ll n 


Since the above equation must be satisfied for all o it must 


be true that the a coefficient is equal to zero and that the 


remaining constant terms sum to zero. From the oa coefficient: 


which was derived above using derivatives. 
Summing the constant terms: 


Bn’ 200+ - 25 + Aoqeeeno 
TT n 
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Returning to the first remainder term, Sebyving for a in 
terms of 8, substituting into the second remainder term and 


setting the sum of the constant terms equal to zero results in: 


ws ee OS 
n 
Summarizing the above relationships and letting o = CW, 
results in: 
Ben = SG 
Sg 2 2 
ae = ae [Sw (47 1)4+25] 
3 CL 
2 = me 


Comparing these results with the results of Example I 
above shows that the singular line relationships are identical. 


Solving the polynomials for ¢< and O results in: 


Ss 
v5 
w = oS 
n 
gc-= 1 : 


Replacing these values in one remainder term provides 
the reguired a, 8 relationship for the singular line: 
B= 20 #1. 
The third root is obtained by substitution of o into the 
quotient term giving: 


s=-a+t+ 2 


Method III 
Karmarker derived the following method for showing the 


existence of singular lines in the parameter plane (ll). 
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The system characteristic equation may be written as: 


CU. So sw wis oe ee + a,s + as = 0 (3-15) 
where: 


a, = by 0 * cB +d 


k 
Let one pair of complex roots for equation (3-15) be: 


3s = =o + j¥wi-o° ; (3-17) 





Now equation (3-15) may be factored into two polynomials: 


520: 56eue we = 0 (3-18) 


which is obtained from equation (3-17) and: 


S + x} S a> x s+ x = ao (3-19) 


os nee 
which is the reduced characteristic equation. 

Multiplying equation (3-18 and (3-19) equating to the 
coefficient in equation (3-15) and putting the matrix nota- 
tion results in: 


[A] [B) = [C] 


where 
Sea Ch-1 -l 0 0 — 0 
eae ip ee CE ae 0 : 
e e ~w -20 -1 ° 
va 
0 -w* -20 
a 
: : 0 rie 
n 
e e e 0 -1 
by Cy 0 0 0 -20 
2 
| by Co 0 0 0 we (3-21) 
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-l 
2 

8 “n ~ “n=-2 

el see 

7) 
B = C= : 

an-3 “dy : 

X-2 -do | (3-21) 


For singular lines to exist 8 must be a linear function 
of a. This criterion plus the techniques of linear algebra 
result in the following singular line existence theorem: 

Singular Line Existence Theorem 

A. All determinants of order n that can be formed 

from the augmented matrix [A,C] are zero; (n+l) such 

determinants may be formed. Note that n of these 

form an independent set. 

B. At least one of the determinants of order (n-1), 

that can be formed from the augmented matrix [A,C] 

must be non-zero. There are 


n+l n 


such determinants. 


ll 


The conditions that must exist for singular lines may be 
found using the existence theorem as shown in the following 
example. 

Example IIT 

Consider the characteristic equation used in Example II: 


Pts) = ae + nee + Bs + 2.58 - 12.5 = 0 


7 ao 1 a De 
my =) | 0. el eee beg) la iGiee we 
(mons te _ 12.5 
n = = i 


The (n+l) determinants of order n which can be formed 


from the augmented matrix [A,C] are: 


oe 


— ee 
2 
0 nf -20 0 if W 
Qs -w* eo oe: 
iim 26 -l 20 6«6(0 -l 
0 wy? -20 ww? il. -20 
n n 
ee ae ais Monee 
n nN 


Solving the above determinants and equating each to zero 


results in the following: 


= 250 


> & SO NY 


28 


j2 _ 100%+12.5 
me metiode2 a5 


Solving For co Fand wo: 


Ih 
a} 


Oo 


WW 
igh 


It should be noted that replacing o with Cw 1b Q tunel a IameBe Bettie 
three equations given above results in the same set of equa- 
tions as given in Examples I and II. The last equation is re- 
auneant. 

Substituting for o and Ws in equation (3-20) and solving 
results in: 


B se 2ee+ 1 


Again, this is the same result obtained in Examples I 


and II above. 


Method IV 
The following parameter plane equation and singular line 
theory was derived by Randolph (12). 
A second derivation of the parameter plane transformation 
which is somewhat different than that described in Section II 
is described below. 


Let the system characteristic equation be written as: 


Nn 
F(s) = J. aps = 0 (3-22) 


20 


where 


a, = bo + cB + dy (3-23) 
The complex variable sk may be written as: 
3X = wed = w* [cos k6+jSsin k6] (3-24) 


where 9 is the angle from the positive real axis to a point 
in the s-plane and WO is the natural frequency of the system. 
Substituting equation (3-24 and (3-23) into equation 
(S322) results in: 
. k — 
F(s) = weg [b atc, Btd, Jw tcos k6@+jsin k@) = 0 . (3-25) 
Letting the real and imaginary terms go independently to 


zero results in 


By + C,8 + Dy = (0) 
Boo + C58 ~ Do = (0) (3-26) 
where 
i 
Bu = b,w cos ké Be = b, Ww sammmled 
Ll K=0 kon 2 K=0 k 
Baek 
ON ew cos ké oe — c,w Sin ké 
2 ie i0 kon 2, K=0 k 
n k n k 
D, = ) d,w cos ké D5 = ) dy w sin ko . (G@52m 
k=0 p k=0 


It should be noted that the coefficients of equation | 
(3-26) are not the same as described in Section II above. 
From the theory of linear algebra it may be shown that 


two functions, £, (a,8) and f.(a,8) are linearly dependent if 





30 





and only if K,£, (0,8) + K,£, (a,8) + K,£.,(a,8) = 0» fou all 
a,B8 in a domain common to f, and f. for some Ky and Ky not 
both zero. 

Let: 


£, (a,8) = B, 0 + c,8 at, 


1 


£,(a,8) = Boa ay C4 + 2 (3-28) 


Z 
Then a necessary and sufficient condition that £, (a,8) 
and £,(a,8) be linearly dependent is that there exists a con- 


stant M such that: 


ey) 
ll 

K 
to 


2 L 
C5 MC, 
D, = MC, (3-29) 


The conditions that must be satisfied in order fer a 
Singular line to exist, may be obtained as follows: 

(a) Write equation (3-27) 

(b) Relate these equations uSing equations (3-29) 

(c) Solve for M, 86, and Ww 


(d) The resulting singular line equation is obtained 


from equation (3-26) 


Example IV 
Using the same characteristic equation as in previous 
examples: 
2 2 
F(s) =s + as + Bs + 2.58 - 12.5 = 0 


Equations (3-29) may be written as 


MB. = M[w* cose we oer = a 


1 Z 


au 


Ss 
Q 
ll 


1 M[2.5+w_ Coca |\-— WO Sales — C. 


Ss 
Ss 
ll 


3 ee - 
M[-12.5+u_ eesoc| = WA sin39 = D. 


Solvingdeuenor M00, and w results in: 


_ 4 
ae) 
9 = Besa iy 
V5 

w = oS 

n 

Since: 
Ye soe (8) 


This results in a complex pair of roots at: 
s=-lt j2 : 
Returning to equation (3-26) and solving for the singu- 
lar line equation results in: 
SS 
Dividing the characteristic equation by the complex 
roots results in the third root of the system: 
r=a-2 
These results are the same as those of previous examples. 
The preceding portion of this section developed methods 
for showing the existence of singular lines and the illus- 
trative examples indicated procedures for finding the neces- 
Sary conditions for singular lines using the existence the- 
orems. These procedures work well for simple systems, but 
become complicated for the higher order systems since, in 
general, the order of wn is 2 (n-1) and the order of a is 


n-l in the resulting equations. 


2 


The following procedure provides a simple technique for 
finding singular line characteristic equations. Manipulation 
of the resulting characteristic equations will in general pro- 
vide a singular line plant. 


Let a system characteristic equation be written as: 


F(s) = Sa, = 0 (3-30) 


n 
) 
0 

where: 


as. aby + Be, +d (3-31) 


k k ° 


Assume that F(s) is a singular line characteristic 
equation for some f = Z_, W = ®noe- Then eguation (3-30) 


may be rewritten in factored form as: 


ei. 2 sl 
mts) ="(s +20 Ww tw.) [(str)) (stro).... (str, _4)] = #6 
(3-32) 
In general the roots Ly, Yor +e++ Yio, are functions 
of a and 8. However for the singular line case a and 8 


must appear in linear terms such that the order of a and 8 

is one and a8 products do not appear. Therefore only one | 
root of rjro----r,_5, may contain terms ina and 8 and this 
root must be real. The remaining roots may be fixed at any 
desired value. If the resulting mobile real root contains 


only a aS a variable a, will be a function of a. A singular 


k 
line may now be obtained by substituting 8 as a linear func- 
tion of a into one or more of the resulting ay terms. 


For example suppose that for a third order system a 


Singular line is desired such that the roots are: 


Si) 


Ls as 
S = 50 sae 
Substituting into equation (3-32) yields: 
F(s) = (s7+2s+5) (sta-2) = 5% + as? + (20+1)s + Sa - 10 = 0 


(3-33) 


Let 8 = 2a + 1 and substitution into equation (3-33) results 


ibyake 
3 2 
F(s) =s + as + BS + 2.58 -12.5=0 . (3-34) 
Equation (3-34) is a singular line characteristic equa- 
tion for 8 = 2a + 1 as shown in previous examples. 


The procedure indicated above results in a unique sin- 
gular line for a given characteristic equations A meneggen] 
eral case is examined by Bowie (8) in which there are, 
apparently, an infinite number of singular lines for a given 
characteristic equation. The system examined is a complex 
cross-coupled type with powers of s to the sixth power occur- 
ring in the characteristic equation. There does not appear 
to be a tractable method for producing similar systems at 


the present time. 
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IV. EXAMPLES OF SYSTEMS WITH SINGULAR LINES 


This section contains block diagrams, characteristic 
curves, and step response characteristics for systems which 
have singular lines. The systems are grouped by the nature 


of their characteristic equations. 


A. SYSTEMS WITH ONE SINGULAR LINE AND ONE MOBILE ROOT 


Characteristic Singular 
EX. Equation Roots Line Pigs. 
1 s*+as7+ (2a+1) s+8=0 s=-1+42 B=5 (d= 2) Iv-1 
s=- (a-2) IV-2 
2 6° ae 4ees2 . Se-lene o s=-1l+ j2 B=2Zel iy—3 
s=- (a-2) Iv-4 
3 s*+as7+(48+5) s+B=0 s=-1+42 B=5 (0-2) T¥-5 
s=- (a-2) IV-6 
4 s“+(atl0)s*+(120t1l)s* s=-1+42 B=5(a-2)  IV-7 
+ 25ast+10R=0 s=- (a-2) IvV-8 
s=-10 
5 s“+(a+10)s°+(12atl)s*  s=-1#42 g=250 Iv-9 
+ 8s+28-100=0 s=- (a-2) IV-10 
s=-10 
6 s+ ideMiifs-+(idetijs” s=-1242 B=5 (aa) vail 
+ (58+50)s+108=0 s=- (a-2) IV-12 
s=-10 


As a is increased the mobile root moves further from the 
Origin of the s-plane and the effect of this root becomes 
negligible for values of a greater than 20. This trend is 
shown by the step response characteristics for the respective 


systems. 
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The movement of the mobile root along the real axis of 
the s-plane maps along the singular line in the parameter 
plane; this is shown by substituting x = -(a-2) into the sys- 
tem characteristic equation. In the fourth order systems, 
the fixed real root, s = -10, also maps along the singular 


line. 
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ee 


fo. oteM Wild LOCKED ROOTS 


The system shown in Figure IV-17 has the following char- 


acteristic equation: 


3 2 


s~ + (at4584+22)s” + (220+9908+45)s + 100 = 0 


Setting a = -458 forces the system to have the following 
EOOES': 
s = -20 
s=-l1 +t j2 


There are no parameter plane curves for this system since 
the parameter consists of an infinite number of singular 


lines. 
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V. SELF-ADAPTIVE CONTROL USING SINGULAR LINES 


One important application of singular line systems is 
that of self-adaptive control. For example, a parameter 
which is a function of environmental conditions could be 
compensated for by linearly varying a second parameter. 
This situation might occur in an aircraft where the dynamic 
flight characteristics are a function of altitude. 

Consider Figure V-l, below, which shows a singular line 


iG ieee — - and oO, = on the parameter plane. 8 is the 


ns 
varying plane parameter and a is an adjustable parameter in 
the controller. The initial operating condition is on the 


Singular line at point P, so that dominant complex roots 


1 
eeecl 
—-_ + 4 -72 
S cw + jw iV1 ae 
When 8 is varied by an amount Ag the operating point is 
changed to point Po by changing a by an amount, Aa. The sys- 


tem maintains roots at 


— ’ _72 
S = se w + jw igvi Cee 


The other characteristic roots may be changed, but for rea- 


“4 


sonable changes in a and 8 root dominance is retained. 


a singular line 


= 0) = W 
S Se n ns 


AB 





Figure®vV-r Basic Concept of Self-Adaptive Control 


oe 


The system in Figure V-2 is an example of a singular line 
plant (pole-zero cancellation) which has been designed for 
self-adaptive control by a procedure developed by R. A. 
Desrosiers (13). Explanation of the various control func- 
tions will not be explained but may be found in reference 
(13). Figure V-2 also shows the step response of the system 
with a 12% step change of 8 at t - .09 sec. As indicated, 
the adapted plant and model responses coincide. (The model 


is the basic plant with no parameter changes.) 


on 
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Figure V-2 Step Responses for Self-Adapting Plant 
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VI. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK 


Feedback control systems containing singular lines, while 
occurring in a limited number of cases, provide a tool for 
the design engineer working in self-adaptive control and 
other areas. Methods for predicting the existence of singu- 
lar lines have been shown with examples given in the use of 
these methods. As indicated in previous sections of this 
report, the equations resulting from the application of known 
existence techniques are complex and do not, in general, pro- 
vide a tractable means of finding singular line systems. 

From the standpoint of the design engineer, it would be 
desirable to formulate a general set of rules which would 
provide a specific system with singular lines. Research to 
date does not indicate the existence of such a general set 
of rules. Further development is needed in this area. 

A second approach might be to design a number of singu- 
lar line systems using characteristic equations as starting 
points. A set of typical singular line systems would then 
be made available to the design engineer for correlation be- 
tween a specific system and possible singular line charac- 
teristics. 

Another area for future work might be to develop further 
theorems for Singular lines on the parameter plane. For ex- 
ample, all real root lines for singular line systems were 
found to lie on the singular line. Further study may prove 


that this is true in general. 


Sy, 


Lor 


Lie 


ae 


ir 
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APPENDIX I 


TABLE OF THE CHEBYSHEV FUNCTIONS OF THE SECOND KIND 


The Chebyshev functions of the second kind, U, (o), are de- 
fined by the recursion relation: 


U4 (%) - 220, (c) + U,_,(%) = 0 





where: 
Up (s) = 0 
U, (3) =] 
These functions for k = -l,..., 10 are 
7 U, (oS) 
= = 
0 0 
1 1 
2 ne 
3 ee - l 
4 Sie — wi 
5 inggag eee eee 
6 ie = OR 2 Be 
7 6h? = boa Paco = 1 
g Wie! = (ote aie Me Fe 
9 Mee “Wider” Aor = aor = 1 
10 SIDE? ee NOAM Gye Nae ees aloe 
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